We re-investigate the Fornax cusp-core problem using observational results on the spatial and mass distributions of globular clusters (GCs) in order to put constraints on the dark matter profile. We model Fornax using high resolution N-body simulations with entirely live systems, i.e. self-gravitating systems composed of stars and dark matter, which account correctly for dynamical friction and tidal effects between Fornax and the globular clusters. We test two alternative hypotheses, which are a cored and a cuspy halo for Fornax by exploring a reasonable range of initial conditions on globular clusters. For Fornax cored dark matter halo, we derive a lower limit on the core size of r c 0.5 kpc. Contrary to many previous works, we show also that for different initial conditions, a cuspy halo is not ruled out in our simulations based on observations of Fornax globular clusters.
INTRODUCTION
Cold dark matter (CDM) cosmology is the standard paradigm of structure formation in the Universe. However, there are a few issues on small scales in the context of this model such as the missing satellites problem, the too-big-to-fail problem, the cusp-core problem and the satellite disk problem (see e.g. Bullock & BoylanKolchin (2017) for a recent work). In this work, we focus on the cusp-core problem. Measurements of galaxy rotation curves and dynamical models of dwarf spheroidal galaxies have revealed that the density profile of the dark matter (DM) halo is constant at the centres of dwarf galaxies and therefore corresponds to a cored profile (Moore 1994; Burkert 1995; de Blok et al. 2001; Swaters et al. 2003; Walker &Peñarrubia 2011) . In contrast, N-body simulations have generally predicted a steep power-law mass-density distribution at the centre of CDM halos, that is a cuspy profile (Navarro et al. 1997; Fukushige & Makino 1997; Moore et al. 1998) .
Dwarf spheroidal (dSphs) galaxies are among the most dark matter-dominated galaxies in the Universe (Battaglia et al. 2013; Walker 2013) . In some dSphs, dark matter constitutes 90% or more of the total mass, even at the centre of the galaxy, so the dynamics is determined entirely by the gravitational field of the dark matter. Therefore, these systems provide an excellent laboratory to study dark matter in the context of galaxy formation and evolution. Fornax is the most massive of the Milky Way dSphs and is the only one to Contact e-mail: boldrini@iap.fr have five globular clusters orbiting in a dense background of dark matter. For instance, another major dSph, such as the Sagittarius dSph, has many globular clusters. Four clusters are found in its main body (M 54, Arp 2, Terzan 7 and Terzan 8) (Da Costa & Armandroff 1995) and a few halo clusters have been associated with the stream across the sky (Sbordone et al. (2015) and references therein). The study of globular cluster dynamics can place powerful constraints on the Fornax dark matter halo type.
One apparent paradox about these clusters is that we do not expect to see any of them because they should have sunk to the centre of Fornax due to dynamical friction (Chandrasekhar 1943) . It is precisely because of this drag force that globular cluster are expected to sink to the centre of their host galaxy and form a nuclear star cluster (Tremaine et al. 1975; Tremaine 1976) . However, there is no bright stellar nucleus and we are still observing globular clusters orbiting in Fornax. This has become known as the Fornax timing problem (Oh et al. 2000) . Since the dynamical friction force depends directly on the density of dark matter halo, the timing problem could be used to probe the cusp-core problem. Changing the density profile could delay dynamical friction. Simulations agree well with Chandrasekhar's analytic calculation for a cuspy halo such as Navarro-Frenk-White (NFW) halo, which is the most commonly used model for dark matter halos . Enhancement of the infall time can be achieved by changing the density profile of the dark matter halo.
Numerous simulations have been performed to study the timing problem (Oh et al. 2000; Goerdt et al. 2006; Cole et al. 2012) . A live system is necessary to capture tidal stripping and dynamical friction. Thus, Fornax has to be modelled as a live galaxy with its globular clusters, i.e. a self-gravitating system composed of star and dark matter particles. Concerning the determination of the dark matter density distribution, previous simulations showed that the existence of five globular clusters in Fornax is inconsistent with the hypothesis of a cuspy halo due to dynamical friction, because the globular clusters would have sunk into the centre of Fornax in a relatively short time (Sánchez-Salcedo et al. 2006; Goerdt et al. 2006; Arca-Sedda & Capuzzo-Dolcetta 2016 . According to Goerdt et al. (2006) , a solution to the timing problem is that Fornax has a cored dark matter halo. In this model, globular clusters stop sinking at the core radius because of a resonance/scattering effect. Later work provided further support for a large dark matter core for Fornax (Cole et al. 2012) . The globular clusters did not fall to the centre because of 'dynamical buoyancy' created by the Fornax core. It was also proposed that globular clusters did not form within Fornax, but that they have been accreted by Fornax, which has a small cored halo.
In this work, we re-investigate the Fornax cusp-core problem using N-body simulations with entirely live objects i.e. fully composed of particles, in order to take into account correctly dynamical friction and tidal effects between Fornax and its globular clusters. The paper is organized as follows. Section 2 provides a clear description of the Fornax system and the N-body modelling. In Section 3, we present details of our numerical simulations. In Section 4, we present our results of simulations and discuss the implications of our result on the dark matter halo profile of Fornax.
FORNAX-GLOBULAR CLUSTER SYSTEM
The dSph galaxy Fornax is one of the most dark matter-rich satellites of the Milky Way with a mass of about 10 8 M at a distance of around 147 kpc (de Boer & Fraser 2016) . Fornax contains five globular clusters with masses of about 10 5 M and the average projected distance of these clusters is about 1 kpc. Various details are given in Table 1 . In this section, we present the models for Fornax and its globular clusters that provide the initial conditions for our simulations.
Fornax modelling
We construct Fornax as a live galaxy composed of stars and dark matter particles only, since dSph galaxies contain little or no gas today.
The Fornax stellar component is modelled due to the presence of the dSph core (r 0 = 0.668 kpc) by a Plummer profile (Plummer 1911) :
where r s and M 0 are the scale parameter and the mass, respectively. For the dark matter halo of Fornax, we employ two different density profiles: NFW and Burkert profiles in order to deal with the cusp-core problem.
For cuspy halos, we assume a NFW form (Navarro et al. 1996) :
with the central density ρ 0 and scale length r s . For cored halos, we assume that the dark matter is distributed in a spherical halo with a Burkert density profile (Burkert 1995; Salucci & Burkert 2000) :
where r 0 and ρ 0 are the core radius and the central density, respectively. In order to determine the halo parameters (see Table 2 ), we fitted the data of Fornax mass with a mass model that includes a stellar component and a dark halo:
for all halos in Figure 1 . The data points correspond to the mass estimates by Walker &Peñarrubia (2011) for two chemically distinct sub-populations. There are other mass estimators for Fornax (Amorisco et al. 2013; Errani, Peñarrubia & Walker 2018) . Plots of density profiles are illustrated in Figure 2 . In order to test halo stability during the simulation, we compared our halo profiles at the beginning (T = 0 Gyr (solid line)) and at the end (T = 12 Gyr (dotted line )) of the simulation, which match almost exactly for all radii.
Globular cluster modelling
There are five surviving globular clusters orbiting in Fornax. Our Nbody realizations of globular clusters assume a King (1962) stellar density distribution,
where r c and r t are the King and tidal radii, respectively. For most of the simulations, we chose a King radius r k = 1 pc lower than the observed radius (see Table 1 ) , because it is susceptible to increase through dynamical processes such as mass loss. The projected distances for the globular clusters are from 0.24 to 1.6 kpc, which is the minimum distance between globular clusters and the Fornax centre. Based on the observed line-of-sight distance with uncertainties (see Table 1 ), as a function of the projected distance, we calculate all possible radial distances from the centre of Fornax for all globular clusters, which are summarized in Figure 3 . According to this figure, the radial distance can be larger than the projected distance. We also estimate the maximum pericentre of observed globular clusters with eccentricity parameter e = 0.9 thanks to the fitted cluster tidal radius of Table 1 for each halo models. These radii will be used as constraints on globular cluster final orbital radii (see Figure 3) . To generate the initial conditions, we use the numerical code, (Sadoun et al. 2014 ). This C++ code draws positions and velocities of each particle such that the resulting distribution follows the desired density profile ρ(r). The code ensures that the final realization of the galaxy is in dynamical equilibrium.
Milky Way tidal field
According to Gaia DR2 data (Gaia Collaboration et al. 2018) , the orbit of Fornax has an eccentricity of 0.29 and its pericentre is about 85.9 kpc. We estimate the tidal radius for Fornax using the equation of : (2003), (c) Strigari et al. (2010) , (d) Webbink (1985) ,(e) Smith et al. (1996) . Table 2 . Parameters for halo models used in the simulations. r s and M h are the scale radius (core radius for Burkert profile) in density profiles and mass for the halo respectively. r t is the tidal radius for Fornax estimated from Eq (6). We run cored halos B n modelled by a Burkert profile and cuspy halos N n modelled by a NFW profile. The halo and the stellar component are represented by N = 10 6 particles. m p is the mass resolution for our N-body realization. The radial distance can be much bigger than the projected distance. The colour lines represent the maximum pericentre of observed globular clusters resulting from the fitted cluster tidal radius of Table 2 for each halo models. We applied this last constraint only for high eccentric orbit with e = 0.9.
where r p , M s , M g and e are the percienter radius, the satellite mass, the galactic mass and the eccentricity respectively. We find tidal radii of 2.81-5.77 kpc, based on the range of masses for Fornax given in Table 2 and using a total mass for the Milky Way of 2×10 12 M . Within these radii, we can expect that tidal effects do not profoundly alter the structure and kinematics of Fornax. However, the Milky Way tidal field can have a significant impact on globular clusters on eccentric orbits (see Appendix B). Our host galaxy potential, based on the model of Allen & Santillan (1991) , consists of a stellar bulge as a Plummer sphere (Plummer 1911 ), a disc represented by the potential from (Miyamoto & Nagai 1975 ) and a spherical dark matter halo described by NFW profile (Navarro et al. 1997) . For this model, we used the revised parameters from Irrgang et al. (2013) (see their Table 1 ).
N-BODY SIMULATIONS
Fornax is dominated by metal rich stars whereas globular clusters are dominated by metal-poor stars (de Boer & Fraser 2016) . If we compare the total mass of metal-poor ([Fe/H]<-2) clusters of (8.81 ± 0.92)×10 5 M to the metal-poor stellar mass in Fornax of (44.9 ± 5.3)×10 5 M , this yields you a mass fraction of 19.6 ± 3.1 %, which implies that a large fraction of the metal-poor stars in Fornax still belong to the globular clusters (de Boer & Fraser 2016) . GC4 was excluded from this estimation, because this cluster is possibly more metal-rich than the other clusters. This high mass fraction of 19.6 ± 3.1 % suggests that each of these four surviving metalpoor globular clusters has likely lost several times 10 5 M due to dynamical processes such as dynamical friction, tidal effects and evaporation as a result of two-body relaxation. These processes act to destroy globular clusters on Gyr time-scales (Fall & Zhang 2001; Jordán et al. 2007 ). Based on this hypothesis, we supposed that globular clusters were initially much more massive in the past and belonged to Fornax. Thus, the globular cluster initial radii have to be lower than the approximate Fornax tidal radii depending on the halo mass. We ran 75 simulations with five globular clusters orbiting in all our halo models. The initial parameters are orbital radii R i = [1.0, 1.5, 2.0, 2.5, 3.0] kpc and globular cluster masses M i = [2.5, 5.0, 7.5, 10] ×10 5 M . All runs were made with eccentricity parameters e = 0 and e = 0.9. They correspond to circular and high eccentric orbit, respectively, with an orbital velocity which depends on the density profile of Fornax ρ(u). In order to put constraints on the dark matter halo, we consider only these two limit cases. In fact, the lifetime of clusters can be increased on high eccentric orbit, because tidal effects decrease with eccentricity (see Equation (6)).
We performed our simulations with the N-body code of -2 (Springel (2005) ). We create, for each Fornax mass model, initial conditions for the Fornax-globular clusters system and evolve them for 12 Gyr because the Fornax globular clusters are all dominated by ancient (>10 Gyr) populations of stars (de Boer & Fraser 2016) .
The halo and the stellar components are represented by N = 4 × 10 6 particles. The mass ratio for these two components determines the particle number for each component. Globular clusters are represented by about 10 3 particles depending on the halo particle mass. In fact, we impose that the particle mass of all components is set to be equal in order to reduce numerical artefacts. Based on convergence tests of decaying radial distances and mass loss of the globular clusters (see Appendix A), the forces between all particles are softened with the same softening length of = 1 pc. The softening length is similar to the King radius in order to maintain the dynamical stability of an isolated globular cluster. We did not use this radius as a constraint on halo models because we recognize that we do not have enough resolution in some halo models for the globular cluster, especially with a low initial masses.
In such systems, two mechanisms are responsible for orbital decay and mass loss: tidal effects and dynamical friction induced by the dark matter halo. The cluster mass plays an important role in its evolution and survival and dynamical friction is responsible for the orbital decay. These two processes compete with and regulate each other: orbital decay increases the tidal field, which reduces the globular cluster mass, and hence slows down the orbital decay. To describe cluster orbital decay, we calculated the distance between the cluster mass centre and Fornax mass centre at each snapshot, in order to get the orbital radius. In order to estimate the globular cluster mass loss, we count only bound particles. The dissolution times were defined to be the time when 95% of the mass was lost from the globular cluster.
RESULTS
We present and discuss our simulation results. To analyze our data and extract our results, we use a module toolbox, 4.0 (Revaz 2013) .
We start the discussion of our results by presenting orbital radius as a function of mass loss for B 1 model for clusters with eccentricity parameter e = 0, in greater detail. The first three plots of Figure 6 depict the final radii and masses between 10 and 12 Gyr, due to the uncertainty on globular cluster ages, for clusters with initial orbital radii R i = [0.5, 1.0, 1.5, 2.0, 2.5] kpc, initial masses M i = [2.5, 5.0, 7.5, 10] ×10 5 M . Final states compatible with cluster observed distributions, i.e. projected distance and mass with their uncertainties, are represented by a grey area for each globular cluster. Cluster initial states (T = 0 Gyr), represented by black points, are connected by dashed lines to final states (T = 10 − 12 Gyr), represented by black squares and diamonds. The right bottom panel of Figure 6 summarizes all results for B 1 model with eccentricity parameter e = 0 for the whole range of initial globular cluster orbital radii and masses considered in this work. Blue regions represent the initial parameter range, where clusters were destroyed by the tidal field. For instance, clusters with 2.5 M i 5 × 10 5 M started at R i 2 kpc, will suffer from Fornax tidal field and be destroyed (see left upper panel of Figure 6 ). Only clusters, initialized at R i > 2 kpc, can survive. Thus, the beige regions represent the range of initial parameters, where clusters can survive over 10 -12 Gyr. Some survival regions (beige regions) are compatible with observed globular cluster distributions. As an example, the left upper panel shows also that clusters with 5 M i 7.5 × 10 5 M and 2 R i 3 kpc can reproduce the observed mass and spatial distributions of GC2. Orange regions represent the initial parameter range, where clusters have suffered from dynamical friction and have sunken to the galactic centre. For instance, clusters with 7.5 M i 10 × 10 5 M started at R i 1.5 kpc, will fall into Fornax centre (see left bottom panel). It is important to notice there is a transition from disrupted clusters to fallen clusters due to an initial mass increase for 5 M i 7.5 × 10 5 M and R i 1.5 kpc . We did not investigate sufficiently this initial range to know precisely the transition mass and radius. For R i < 1 kpc, we expect the same final state, destroyed or fallen, than globular clusters started at R i = 1 kpc, because dynamical friction and tidal effects are stronger at lower radii. The left bottom panel indicates also the dynamical behavior of clusters with M i 10×10 5 M . All clusters with M i = 10 × 10 5 M will sink to the centre of Fornax. According to these results, we expect that more massive clusters will also fall due to dynamical friction at these same initial radii. We also represented the core region with green stars (see right bottom panel of Figure 6 ). All our empirical results from our simulations can be summarized in Figure 4 for cored halos, and Figure 5 for cuspy halos. Hovewer, more details about globular cluster dynamic are presented in Figures 7 and 8 for cored halos, and Figures 9 and 10 for cuspy halos in order to highlight the range of initial parameters entailing that globular clusters will fall towards the centre of the galaxy (orange regions), be dissolved (blue regions) and survive within 10-12 Gyr (beige regions). We marked the globular clusters which are in agreement with survival regions. These figures compare the cored halo models B n and cuspy halo models N n for our range of initial cluster orbital radii and masses with an eccentricity parameter e = 0 and e = 0.9, respectively.
Theoretically, we expect that low initial cluster mass entails that the globular clusters are destroyed by the tidal field . On the contrary, high initial cluster mass results in the globular cluster spiralling towards to the centre. Blue and orange regions represent clearly this expected dynamical behaviour for all halo models. Not surprisingly, we obtain more survival regions compatible with globular cluster observations for e = 0.9 than for e = 0, because clusters with high eccentric orbit are less affected by dynamical friction and tidal disruption. Indeed, these clusters spend too little time in high density regions. This result is valid for both cored and cuspy halos. For all halo models, we claimed that globular clusters have to be initially more massive in order to be in agreement with present observations. They need to be about 1.3 to 18 times more massive than the current clusters. We state also that initial orbital radii of clusters have to be at a distance greater than 1 kpc from the centre of Fornax for all halo models. In fact, clusters with R i < 1 kpc are subject to a higher tidal disruption and dynamical friction, because they orbit in a high density region.
B 2 , B 3 and B 4 models hold for the five globular clusters of Fornax for both eccentric parameters with B 1 model being the sole exception. For e = 0 (e = 0.9), B 1 model is not valid for GC1 and GC5 (GC1 and GC3). GC1 proves to be the tightest constraint, ruling out B 1 model (r c = 0.25 kpc). In fact, this cluster requires at the same time a weak orbital decay and a very weak or huge mass loss induced by the dark matter halo. Concerning cuspy halos, simulations predict that N 2 (r s = 1 kpc) model can reproduce globular cluster distributions compatible with observations for both eccentric parameters (see Figure 4) . Otherwise, GC3 distributions remain a challenge for N 1 , N 3 and N 4 models with our initial mass range. However, we expect that globular clusters with M i > 10 × 10 5 M could be compatible with GC3 observations for the N 3 (r s = 1.5 kpc) model (see Figures 9 and 10 for more details) . Even if direct dynamical modelling of stellar population (Walker &Peñarrubia 2011; Amorisco et al. 2013 ) attest against the presence of a divergent cusp in Fornax, we find a cuspy halo, which can reproduce the observed distributions. Indeed, the NFW profile can be reconciled with observations. Concerning cored halos, Figure 4 imply that B 2 , B 3 and B 4 models can reproduce observations for a relevant range of initial cluster orbital radii and masses. As observed above, B 1 model (r c = 0.25 kpc) cannot reproduce all the observed globular clusters, especially GC1 in both circular and high eccentric orbits (see Figures 7 and 8 for more details). In this context, using globular cluster distributions, it is possible to put constraints on the core radius. Thus, we derive a lower limit of r c 0.5 kpc. We ruled out the model with r c = 0.25 kpc, but we did not investigate core sizes between 0.5 and 0.25 kpc. We expect that the true lower limit is in this core size range. Our lower limit (r c 0.5 kpc) is in disagreement with Strigari et al. (2006) , who found a upper limit of r c 0.3 kpc, based on a constraint on central phase-space density of Fornax. However, Amorisco et al. (2013) showed that Fornax dark matter halo has a core with r c = 1 +0.8 −0.4 kpc by exploiting three distinct stellar subpopulations of Fornax. Their limit is totally compatible with our prediction from the B 2 , B 3 and B 4 models (see Table 2 ). According to Walker &Peñarrubia (2011) , the slope of the halo mass profile measured in Fornax suggests r c 1 kpc.
CONCLUSIONS
We have revisited the cusp-core problem applied to Fornax. Currently, this dSph galaxy has five globular clusters orbiting in its dark matter halo. Observational analyses suggest that the globular clusters were initially much more massive. For the first time, the Fornax globular system has been modelled with live objects, i.e. self-gravitating systems only composed of star and dark matter particles, in order to properly implement dynamical friction and tidal effects between Fornax and globular clusters. We have performed 75 N-body simulations for cored and cuspy halos in Milky Way tidal field modelled by a static potential.
Using constraints from globular cluster spatial and mass distributions, we showed that Fornax can have either a cored or a cuspy halo. More precisely, our results have revealed a lower limit of a core size of r c 500 pc for Fornax cored halo. Even if many studies attest against the presence of a divergent cusp in Fornax, we show also that, from our globular cluster constraints, Fornax can have a cuspy halo described by N 2 model.
Apart from CDM, all variant dark matter theories, including warm dark matter (WDM), fuzzy dark matter (FDM) and selfinteracting dark matter (SIDM) are apparently in favour of cored halos. If the halo of Fornax is composed of WDM, Strigari et al. (2006) established that r c 85 pc in order to avoid conservative limits from the Lyα forest power spectrum. From FDM simulations, Zhang et al. (2018) showed in general that a solitonic core with a size of 3 kpc emerges, composed of dark matter particles, which are ultra-light axions with a mass O(10 −22 ) eV. From SIDM simulations, Zavala et al. (2013) imposed that the Fornax core radius should be r c > 500 pc. This estimate is based on the circular velocity of Fornax. Future work could investigate the dynamical behaviour of globular clusters in these theories, in particular the impact on dynamical friction.
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We thank our anonymous referee for the helpful comments and suggestions that improved our work. with eccentricity parameter e = 0 for cored halo models B n . Blue (orange) regions represent the initial parameter range, where clusters were destroyed by the tidal field (have suffered from dynamical friction and have sunken to the galactic centre). The beige regions represent the range of initial parameters, where clusters can survive over 10-12 Gyr. Some of these regions are compatible with observed globular cluster distributions. We also represented the core region with green stars. Only B2, B3 and B4 models can reproduce the five globular clusters. Observed data for globular clusters and halo parameters are summarized in Table 1 and Table 2 . Figure 7 , except with eccentricity parameter e = 0 for cored halo models B n . Only B 2 , B 3 and B 4 models can reproduce the five globular clusters. Observed data for globular clusters and halo parameters are summarized in Table 1 and Table 2 . Figure 7 , except with eccentricity parameter e = 0 for cuspy halo models N n . Only N 2 model can reproduce the five globular clusters. Observed data for globular clusters and halo parameters are summarized in Table 1 and Table 2 . Figure 7 , except with eccentricity parameter e = 0.9 for cuspy halo models N n . Only N 1 and N 2 models can reproduce the five globular clusters. Observed data for globular clusters and halo parameters are summarized in Table 1 and Table 2 . Figure A1 . Impact of softening length on the radial and tidal evolutions of globular clusters on a circular orbit with initial mass M i = 0.75 and 1 ×10 6 M for B 4 model. Top and bottom panels show the evolution of orbital radius and cluster mass, respectively. We ran simulations with three different softening lengths = [0.5, 1, 2] pc in order to ensure that our simulations do not suffer from numerical noise. Our simulations are well converged between 10 and 12 Gyr for = 0.5 and 1 pc. We chose = 1 pc as the softening length for all our simulations. Figure A2 . Relative error of the total energy of the system over the time for all halos models for both eccentric parameters. The energy of the system is conserved in all our simulations because the energy relative errors are lower than 5%. Figure B1 . Impact of MW tidal field on the radial and tidal evolution of globular clusters on a eccentric orbit (e = 0.9) with initial mass M i = 0.5 and 1 ×10 6 M for B 1 model. Top and bottom panels show the evolution of orbital radius and cluster mass, respectively. We ran simulations with and without static potential in order to measure the importance of MW tidal field. MW tidal field was taken into account in our simulations, especially for high eccentric orbit
